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Motivations
ÅSustainability

Need tools suitable for 

atypical operating 

conditions resulting from 

renewables

ÅEconomics

US electric industry 

revenues of $391 billion 

in 2015
[EIA ó16]

1% savings worth $1 to 

$4 billion annually in USA
[OôNeill ó12]

http://teeic.anl.gov/er/transmission/restech/dist/index.cfm

ÅReliability

Annual cost of power interruptions to US economy is $79 billion 
[LaCommare & Eto ó06]Introduction
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ÅCentral to many power system optimization problems

Optimal power flow, unit commitment, voltage stability, 

contingency analysis, transmission switching, etc.

ÅCurrent practices often use approximations that can 

have non-negligible errors

The Power Flow Equations

ñToday, 50 years after the problem was formulated, we 

still do not have a fast, robust solution technique for the 

full ACOPF.ò 
R.P. OôNeill, Chief Economic Advisor, US Federal Energy Regulatory 

Commission, 2013.

Introduction
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Electricity Markets

https://www.misoenergy.org/LMPContourMap/MISO_MidWest.html
Introduction

https://www.misoenergy.org/LMPContourMap/MISO_MidWest.html
https://www.misoenergy.org/LMPContourMap/MISO_MidWest.html
https://www.misoenergy.org/LMPContourMap/MISO_MidWest.html
https://www.misoenergy.org/LMPContourMap/MISO_MidWest.html
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Outline

ÅThe power flow equations

Formulations

Feasible spaces of optimization problems

ÅConvex optimization tools (Coding tutorial)

ÅSemidefinite programming relaxations

The Shor relaxation (Coding tutorial)

Moment/sum-of-squares relaxation hierarchies

ÅSecond-order cone programming relaxations

Jabrôsrelaxation and the Branch Flow relaxation

The QC relaxation

ÅTechniques for tightening the relaxations

ÅConclusion and discussion
Introduction
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Overview of the 

Power Flow Equations
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Network Equations 
(Voltage and Current)

ÅLinear relationship between voltage phasors and the 

current phasors:

ñAdmittance matrixò:

Determined by network topology

and electrical parameters

Admittance matrix for 

3012-bus Polish System

Notation:  

Power Flow
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ÅNonlinear relationship between the voltages phasors

and the power injections

ÅCoupled quadratics in complex voltage phasors

ñPower Flow Equationsò

ñLoad Flow Equationsò

Network Equations 
(Voltage and Power)

Power Flow
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The Power Flow Equations

ÅThe bus injection model

Polar Voltage Coordinates

Power Flow

Rectangular Voltage Coordinates
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ñEllipticalò Power Flow Equations

can be written as

The power flow equations

Power Flow
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Linear combinations of the power flow equations are ellipses
[Lesieutre & Wu ó15]

Define a 

ñbase ellipseò:

ñElliptical Power Flow Equationsò:

Positive Definite!

Figure courtesy of Bernie Lesieutre

ñEllipticalò Power Flow Equations

Power Flow
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The DistFlow Equations

ÅAlso called the ñBranch Flow Modelò

ÅApplicable to radial networks

Power Flow [Baran & Wu ó89]
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Solving the Power Flow Equations

Fix certain power injections and voltage magnitudes

Bus Type Specified Calculated

PQ (load)

PV (generator)

Slack

Compute the voltage phasors  
Power Flow
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Power Flow Solution Characteristics

ÅPotentially many solutions

Upper bounded by

Tighter bounds based on network topology, but still grow 

exponentially with the system size

There exist power flow problems which achieve these bounds 

asymptotically with increasing system size

ÅThe number of solutions typically decreases with 

increasing loading until infeasibility

ÅTypical problems have a single ñhigh-voltageò solution 

with multiple ñlow-voltageòsolutions

[Chen & Mehta ó15],

[Molzahn, Mehta, & Niemerg ó16]

[Baillieul & Byrnes ó82]

[Cross, Hauenstein, 

Hoon, & Molzahn ó17]

Power Flow
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Optimal Power Flow

Generation Cost

Engineering 

Constraints

Power Flow

Equations

Power Flow
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Optimal Power Flow

Engineering 

Constraints

Power Flow

Equations

Power Flow

Feasible Space
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A Disconnected Feasible Space

ÅTwo-bus example problem  
[Bukhsh, Grothey, McKinnon, & Trodden ó11]

Power Flow
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Non-Convex Space for a 

Lossless System

ÅFive-bus example problem  
[Lesieutre & Hiskens ó05]

Power Flow
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Hole in the Feasible Space

ÅThree-bus example problem  
[Molzahn, Baghsorkhi & Hiskens ó15]

Power Flow
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ÅFive-bus example problem
[Bukhsh, Grothey, McKinnon, & Trodden ó13]

Global 

Solution

Local

Solution

A Disconnected Feasible Space

Power Flow
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Another Disconnected Space

ÅNine-bus example problem
[Bukhsh, Grothey, McKinnon, & Trodden ó13]

Global 

Solution

Local

Solutions

Lower limits on voltage 

magnitudes and reactive 

power generation

Power Flow
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Feasible Space Algorithm
1.

2.

3.

4.

5.

P1

P2
[Molzahn ó17]

Power Flow
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Feasible Space Algorithm
1. Tighten the constraints

2.

3.

4.

5.

P1

P2
[Molzahn ó17]

Power Flow
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Feasible Space Algorithm
1. Tighten the constraints

2. Use ñgriddingò to convert from inequalities to equalities

3.

4.

5.

P1

P2
[Molzahn ó17]

Power Flow
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Feasible Space Algorithm
1. Tighten the constraints

2. Use ñgriddingò to convert from inequalities to equalities

3. Quickly screen for certain infeasible points

4. Calculate all power flow solutions at each grid point using a 

mathematically reliable algorithm
(Numerical Polynomial Homotopy Continuation)

5.

P1

P2
[Molzahn ó17]

Power Flow
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Feasible Space Algorithm
1. Tighten the constraints

2. Use ñgriddingò to convert from inequalities to equalities

3. Quickly screen for certain infeasible points

4. Calculate all power flow solutions at each grid point using a 

mathematically reliable algorithm
(Numerical Polynomial Homotopy Continuation)

5. Select solutions that satisfy all constraints

P1

P2
[Molzahn ó17]

Code available

upon request

Power Flow
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ÅLinearization of the power flow equations

ÅAdvantages: 

Fast and reliable solution using linear programming

ÅDisadvantages: 

No consideration of voltage magnitudes or reactive power

Approximation error

DC Power Flow Approximation

Power Flow

[Dvijotham & Molzahn ó16]



38 / 274EES-UETP (Electric Energy Systems ïUniversity Enterprise Training Partnership)

ÅLinearization of the power flow equations

ÅAdvantages: 

Fast and reliable solution using linear programming

ÅDisadvantages: 

No consideration of voltage magnitudes or reactive power

Approximation error

DC Power Flow Approximation

Power Flow

[Dvijotham & Molzahn ó16]



39 / 274EES-UETP (Electric Energy Systems ïUniversity Enterprise Training Partnership)

ÅLinearization of the power flow equations

ÅAdvantages: 

Fast and reliable solution using linear programming

ÅDisadvantages: 

No consideration of voltage magnitudes or reactive power

Approximation error

DC Power Flow Approximation

Power Flow

[Dvijotham & Molzahn ó16]



40 / 274EES-UETP (Electric Energy Systems ïUniversity Enterprise Training Partnership)

ÅLinearization of the power flow equations

ÅAdvantages: 

Fast and reliable solution using linear programming

ÅDisadvantages: 

No consideration of voltage magnitudes or reactive power

Approximation error

DC Power Flow Approximation

Power Flow

[Dvijotham & Molzahn ó16]



41 / 274EES-UETP (Electric Energy Systems ïUniversity Enterprise Training Partnership)

ÅLinearization of the power flow equations

ÅAdvantages: 

Fast and reliable solution using linear programming

ÅDisadvantages: 

No consideration of voltage magnitudes or reactive power

Approximation error

DC Power Flow Approximation

Power Flow

[Dvijotham & Molzahn ó16]



42 / 274EES-UETP (Electric Energy Systems ïUniversity Enterprise Training Partnership)

ÅLinearization of the power flow equations

ÅAdvantages: 

Fast and reliable solution using linear programming

ÅDisadvantages: 

No consideration of voltage magnitudes or reactive power

Approximation error

DC Power Flow Approximation

Power Flow

[Dvijotham & Molzahn ó16]



43 / 274EES-UETP (Electric Energy Systems ïUniversity Enterprise Training Partnership)

ÅLinearization of the DistFlow equations formed by 

neglecting the current flow terms

Linearized DistFlow Approximation

Power Flow

[Baran & Wu ó89]



44 / 274EES-UETP (Electric Energy Systems ïUniversity Enterprise Training Partnership)

ÅLinearization of the DistFlow equations formed by 

neglecting the current flow terms

Linearized DistFlow Approximation

Power Flow

[Baran & Wu ó89]
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Current Industry Practice

Sidney Harris,

Science Cartoons Plus

Clear markets using 

the DC power flow

approximation

Engineering 

intuition and 

heuristics

Feasible operating 

point for the AC power 

flow equations

Power Flow
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Convex Optimization Tools
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Linear Programming (LP)

ÅOptimization over the positive orthant with linear 

constraints

ÅSolvers applicable to large-scale problems

Convex 

Optimization
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Second-Order Cone Programming 

(SOCP)

ÅOptimization over the second-order cone

ÅGeneralizes linear programming

ÅAllows for convex quadratic constraints

ÅAllows for rotated second-order cone constraints

Convex 

Optimization

with
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Semidefinite Programming (SDP)

ÅOptimization over positive semidefinite matrices

Recall: 

where      and      are specified symmetric matrices

Convex 

Optimization

ÅGeneralizes second-order cone programming
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Convex Relaxation

Relaxation does not find global optimum 

(non-zero relaxation gap)

Relaxation finds global optimum

(zero relaxation gap)

Decreasing objective

Non-convex

feasible 

space

Global

optimum

Local 

optimum

Convex 

Optimization
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Optimization
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Convex Relaxation

Relaxation does not find global optimum 
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Convex 
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Three main advantages over local solution algorithms: 

1. Gives a lower bound on the optimal objective value

2. Provides a sufficient condition for infeasibility

3. Solutions which satisfy an easily checkable condition 

are guaranteed to be globally optimal

May provide a good initialization for a local solver when this 

condition is not satisfied

Convex 

Optimization

Convex Relaxation Advantages

[Felder, Molzahn, & Hiskens ó17]
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Tutorial: Convex Optimization

Convex 

Optimization



55 / 274EES-UETP (Electric Energy Systems ïUniversity Enterprise Training Partnership)

Semidefinite Programming 

Relaxations



56 / 274EES-UETP (Electric Energy Systems ïUniversity Enterprise Training Partnership)

The Shor Relaxation

ÅWrite power flow equations as

where 

ÅDefine matrix

ÅRewrite as                            and 

ÅRelaxation:

eliminate the constraint

implies zero relaxation gap (ñexactò relaxation) 

and recovery of the globally optimal voltage profile 
[Lavaei & Low ó12]

SDP 

Relaxations
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Example

SDP 

Relaxations
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Example

SDP 

Relaxations
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The Shor Relaxation in Complex 

Variables

ÅWrite power flow equations as

where                              with voltage phasors 

ÅDefine matrix

ÅRewrite as                           and 

ÅRelaxation:

Do not enforce 

Same tightness as the Shor relaxation in real variables

SDP 

Relaxations
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Tutorial: Shor Relaxation

SDP 

Relaxations
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Scaling to Large Problems

ÅThe computational bottleneck is the constraint

ÅObservation: Many entries of       do not appear in 

other constraints due to network sparsity

ÅGoal: Decompose the constraint               into 

constraints on certain submatrices

SDP 

Relaxations

Positive Semidefinite 

Matrix Completion
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Definition: Maximal Cliques

ÅMaximal cliques are the maximally sized, completely 

connected subgraphs

SDP 

Relaxations
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Definition: Chordal Graph

ÅChordal graph: all cycles of length four or greater have 

an edge that is not part of the cycle but connects two 

buses in the cycle

Å
SDP 

Relaxations
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Relaxations
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Definition: Chordal Graph

ÅChordal graph: all cycles of length four or greater have 

an edge that is not part of the cycle but connects two 

buses in the cycle

ÅThe maximal cliques of a chordal graph can be 

computed in linear time [Tarjan ó84]
SDP 

Relaxations

Chordal
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Exploiting Sparsity

SDP 

Relaxations [Jabr ó12]
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