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Motivations

A Sustainability

Need tools suitable for
atypical operating
conditions resulting from
renewables

A Economics

US electric industry
revenues of $391 billion

in 2015
[ EI A 616]

/™ Less than 500 kV

1% savings worth $1 to |/ oo

Source! . POWERmap, powermap,.platts.com @2009 Platts, A Division of The McGraw-Hill Companies TEEICO1

$4 b|”|0n annua”y |n USA http://teeic.anl.gov/er/transmission/restech/dist/index.cfm
[ O6Neill 0612]

A Reliability

Annual cost of power interruptions to US economy is $79 billion
Introduction [LaCommare & Eto 6 0 6 ]
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Motivations

A Sustainability

Need tools suitable for
atypical operating
conditions resulting from
renewables

New England
»

A Economics

US electric industry
revenues of $391 hillion Colfenia

in 2015
[ EI A 616]

New York 1SO

STy
1% savings worth $1 to RC

$4 b||||on annua”y |n USA http:/Awww.isorto.org/site/c.jhKQIZPBIME/b.2604471/k.B14E/Map.htm
[ O6 Nei | | 012]

A Reliability

Annual cost of power interruptions to US economy is $79 billion
Introduction [LaCommare & Eto 6 0 6 ]
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The Power Flow Equations

A Central to many power system optimization problems

Optimal power flow, unit commitment, voltage stability,
contingency analysis, transmission switching, etc.

A Current practices often use approximations that can
have non-negligible errors

\U

NToday, 50 years after e
still do not have a fast, robust solution technigue for the

f ul | ACOPF. O
R. P. O6 Nei | | | Chi ef Economic Advi s
Commission, 2013.

Introduction
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Electricity Markets
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Outline

A The power flow equations
Formulations
Feasible spaces of optimization problems

A Convex optimization tools (Coding tutorial)

A Semidefinite programming relaxations
The Shor relaxation (Coding tutorial)
Moment/sum-of-squares relaxation hierarchies

A Second-order cone programming relaxations
J a b relaxation and the Branch Flow relaxation
The QC relaxation

A Techniques for tightening the relaxations

A Conclusion and discussion
Introduction
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Overview of the
Power Flow Equations

P
i
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Network Equations
(Voltage and Current)

A Linear relationship between voltage phasors and the

current phasors:
Admittance matrix for
[]=Y- -V 3012-bus Polish System

‘{””’ 500
3

AAdmi ttance matri X
Determined by network topology T
and electrical parameters 1500l 3 -

2000/

Notation: Y = G + jB

2500F *

3000- TN
3000

0 500 1000 1500 2000 2500
non-zeros = 10144 (0.11%)

Power Flow
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Network Equations
(Voltage and Power)

and the power injections

A Nonlinear relationship between the voltages phasors

- (Yi V)

P+ jQi=V;- I,
— _E-(
ViF=V,-V,
nNnPower
nLoad

. — BV

FI ow EqU

atil c

FI ow EQu;

At O]

Power Flow

A Coupled quadratics in complex voltage phasors

EES-UETP (Electric
E—

Energy Systems i Univers

ity Enterprise Training Partnership)
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Power Flow

A The bus injection model

The Power Flow Equations

Polar Voltage Coordinates

P, = |1,~|Z|M|
Qr— |1F|Z|1ﬂ|

If._

i-sin (0; — 0;) —

ircos (0; — ;) + Bigsin (6, — 61))

B”{ COs (8; — ﬁ,ﬂ))

Rectangular Voltage Coordinates

Vi=Vai+3Vii, Vi =0

P = Z Vai (
- Z ~Vii (B
k=1

Gi Vi — B Vi) + Vi (Bie Vi + GieVir)

Ve + Gy ,EJ;J ,ﬂ-) + 1;.; (GH; Vir — Bix 1;31)

EES-UETP (Electric Energy Systems i University Enterprise Training Partnership)
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NEIl T 1T ptical o Powe

The power flow equations

P = Z Vi (GirVar — Big Tl-"':_e.ﬂ-) + Vi (BirVir + Gig I--‘f_,,a-)
=1
Qi = Z — Vi (BixVar + Gie Vi) + Vi (G Vi — Bin Vi)
=1
Vi =Vi+ Vi

can be written as

Pz'_ ::ETYE'_LTJ
Q@ ::L’TYE'_:L’

1V 2= T M,

.._',-' ‘_.T __.T _,-T T
X = [L(fl - . I/(fn qu ce an}
Power Flow
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NEIl T 1T ptical o Powe

The power flow equations

P = Z Vi (GirVar — Big Tl-"':_e.ﬂ-) + Vi (BirVir + Gig I--‘f_,,a-)

Qi = Z —Vai (BirVar + G Vi) + Vi (GieVar — Ban Vi)
=1

VP =Vi+ V2

can be written as These are quadratics.

P Ty d They would be ellipses if
=T i T / Y.
Q,=2TY,x _3>—0

2= T M, x Y; >0

M, >0

\

.._',-' ‘_.T __.T _,-T T
X = [L(fl - . I/(fn qu ce an}
Power Flow
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NEIl T 1T ptical o Powe

The power flow equations

P = Z Vi (GirVar — Big Tl-"':_e.ﬂ-) + Vi (BirVir + Gig I--‘f_,,a-)

Qi = Z —Vai (BirVar + G Vi) + Vi (GieVar — Ban Vi)
=1

VP =Vi+ V2

can be written as These are quadratics.

P Ty d They would be ellipses if
=T i T / \'g
Q,=2TY,x = 3?\2

'V 2= 2TM; Y,

M, >0

.._',-' ‘_.T __.T _,-T T
X = [L(fl - . I/(fn qu ce an}
Power Flow
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EIlT 1T pti cal o Powe

Linear combinations of the power flow equations are ellipses
[Lesieutre & Wu 0 1 5]

T =3 (’}-—' d>OM A+ > ?,—) + Y (Y,—/P,— + M,/ |Lf;-|2)

Define a Py PO icPV
fhase ellipseo : i Z (Y,/P,+Y,/Q) = 0

iePQ

2—

rElliptical Power Flow Equationso :

(T +€Y;)x = bp
iL’T (T + € Yz) A = b@.ﬁ_
T (T + € MI) T = by;

Positive Definite!

I = [I Al .- - I dn 1 gl .- ! U'”} _ _ _
Power Flow Figure courtesy of Bernie Lesieutre
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The DistFlow Equations

AAl so called the ABranch
A Applicable to radial networks
V2 , Vie|?
|[2k|- —
“km + ] ka
; pllk +jQik k (_Pk"']cgk
Py = Rirlit — P+ Y Pim
m:k—m
Qi = Xiplin — Qr + Z Qim
m:k—m
2 2 - 9 2\
Vil” = |Vi|" — 2 (Rix P + X Qur) + (Rﬂ; + Xﬂb) ik
- 2 2 A2
NN | k| VilT = P + Qi Baran& Wu 689

F
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Solving the Power Flow Equations

P =V Zh G, cos (0; — 0;) + Bjgsin (6, — 0;))

.- — |V, Z Vi Jfl*avlll H —H;J B-@L-COS(H;' _HL-))
L 4 } 'k

Fix certain power injections and voltage magnitudes

Bus Type Specified Calculated
PQ (load) P, Q; Vil 0,
PV (generator) P, |V 0,
Slack Vil 6,

;

Power Flow
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Power Flow Solution Characteristics

A Potentially many solutions

2n — 2

Bailleul& Byr nes 682
n—l) [ y ]

Upper bounded by (

Tighter bounds based on network topology, but still grow

exponentially with the system size [ Chen & Mehta 615],
[Molzahn, Mehta, & Niemerg 6 1] 6

There exist power flow problems which achieve these bounds

asymptotically with increasing system size [Cross, Hauenstein,
Hoon, & Molzahn 4.7]

A The number of solutions typically decreases with
Increasing loading until infeasibility

A Typical problems haveas i n g | ev ofi ht isggiti®omn
withmu |l t | p-Vv el fsolptens
Power Flow
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Optimal Power Flow

. 2 )
i D (e2iPai® + 1iPoi + co;) Generation Cost
' 1eG
subjectto  Pg; min < po< Pr™
QU < (O < QU Eng/nee_r/ng
constraints

1/;111111 i: ‘L;‘ i: 'l/;lllﬂ,x

9111111 ,(: 6) _ 6)L <: 9111&}{
Power Flow

Equations

P=|V Z Vil (Gigcos (0; — 0) + Busin (6, — 6;))

miax
|Sttow,ikl < Stiow.ik

Q,—MZM Gigsin (0; — 0x) — Bijcos (6 — 0}))

Power Flow
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Optimal Power Flow

Feasible Space

Hlll'l_j{.fij'T e Puuu < PG;‘ < Pm ax

QUM < (O < QX Eng/hee(/hg
| Constraints
LIF mimn E I: i: Lﬂ; max
le)llllll {: 6) _ 6; c-: Qumx
. Power Flow
I‘S'fff?'ﬂ'~'f£'| < Sﬂou'.'ﬁk Equa[/bns

P, = |V} Z \Vi| (Gigcos (0; — 6;) + Bigsin (6; — 6))

Qi = Vil ) IVi| (Gigsin (6; — 61) — Bygcos (6; — ;)

Power Flow
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A Disconnected Feasible Space

' R+jX,=004+j0.20 Va

A Two-bus example problem O o 10

=3.525-j3.580
[Bukhsh, Grothey, Mc Ki nnon, & Tr odc :

2.2

2.0}
181
. . 16}
(01 (per unit)
141
1.2}

o~

08 I I I I
4.40 4.45 4.50 4.55 4.60 4.65

Power Flow Py (per unit)
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Non-Convex Space for a
Lossless System

j0.1

A Five-bus example problem

[Lesieutre & Hiskens 6 0 5 |

jo4

20

PGZ

Power Flow P, (per unit)
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Hole in the Feasible Space

Wi 1 Riz + jX12 Pr=10

0.15 + j0.1

A Three-bus example problem
[Molzahn, Baghsorkhi & Hiskens 6 1 5 ] o1t 00

Roy + jX»m
0.001 + j0.05

-10 0 10 20 30 -20

Power Flow P 1
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A Disconnected Feasible Space

A Five-bus example problem
[Bukhsh, Grothey, McKinnon, & Trodden 6 1 3 |

Pa2 + jQa2
=1.30+j0.20

$70k

55+ j0.90 08—
= 0.04 + j0.09 06 Loc
Pyl 20 _ = = Pay + Qa4 04— GIObal - Oll
Qg1 > —0.30 o S = —0.65+j0.10 2 _S..OilL-I'[IOﬂ L :
= 2z 5 04T
A~ = @D : : et
+ S + = Py >0 g o
%< n O - T
& & > —0.30 o

Ris+jXi3
= 0.05+ jO.10

Ras + j Xas 27
= 0.55 + j0.90 -1
F’5 (per unit) F’1 (per unit)

3
Pis + jQuas
= 1.30+30.20

Power Flow
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Another Disconnected Space

A Nine-bus example problem
[Bukhsh, Grothey, McKinnon, & Trodden 6 1 3

Lower limits on voltage

magnitudes and reactive $5.50k
power generation o538
$5.00k

$4.75k

: $4.50k
Local

Solutlons
Global / |

Solution

$4.25k
$4.00k

A $3.75k

< 1 $3.50k

0.5 ; : - 1 1 $3.25k

2 2 P, (perunit) 300K
Pe.z (per unit)

Power Flow
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Feasible Space Algorithm

W N

&

Power Flow Pz [ Mol zah
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Feasible Space Algorithm

1. Tighten the constraints
2.
3.
4,

] Mol z ah
Power Flow Pz [ Mol za
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Feasible Space Algorithm

1. Tighten the constraints

2. Us griddingb to convert from ineqgt
3.

4,

0 0w 0w OO =0 =0n=0r=0

Mo | h
Power Flow Pz [ Mol za
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Feasible Space Algorithm

Tighten the constraints
Us griddingd t o convert from ineqgst

1
2
3. Quickly screen for certain infeasible points
4

OO0 "0 0“0 "0 0O O 0O "0

o

o O

o

Q
0 0w 0«00 =0 =0:=0r=0

o
[e)
o
[e]

»
»

Power Flow Pz [ Mol zah
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Feasible Space Algorithm

Tighten the constraints
Us griddingd t o convert from ineqgst

1
2
3. Quickly screen for certain infeasible points
4

OO "0 "0 "0 "0 0" OO P

Power Flow Pz [ Mol zah
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Feasible Space Algorithm

Tighten the constraints
Us griddingd t o convert from ineqgst

1
2
3. Quickly screen for certain infeasible points
4

OO0 "0 0" "0 00" OO

Power Flow Pz [ Mol zah
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Feasible Space Algorithm

Tighten the constraints
Us griddingd t o convert from ineqgst

1
2
3. Quickly screen for certain infeasible points
4

o

OO0 "0 0" "0 00" OO

o

Q
O+ 0w =0« 0= O = O

o
[e)
o
[e]

»
»

Power Flow Pz [ Mol zah
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Feasible Space Algorithm

Tighten the constraints
Us griddingd t o convert from ineqgst

1
2
3. Quickly screen for certain infeasible points
4

OO O "0 "0 "0 "0 0" O "0

[ Mol zah

Power Flow
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Feasible Space Algorithm

Tighten the constraints
Us griddingd t o convert from ineqgst

1
2
3. Quickly screen for certain infeasible points
4

O O = O = O

Mo | ah
P, [ Mol z

EES-UETP (Electric Energy Systems i University Enterprise Training Partnership) 33/274
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Feasible Space Algorithm

Tighten the constraints
Us griddingd t o convert from ineqgst

Quickly screen for certain infeasible points

W N

Calculate all power flow solutions at each grid point using a

mathematically reliable algorithm
(Numerical Polynomial Homotopy Continuation)

O O = O = O

Mo | ah
P, [ Mol z

EES-UETP (Electric Energy Systems i University Enterprise Training Partnership) 34 /274
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Feasible Space Algorithm

Tighten the constraints
Us griddingd t o convert from ineqgst

Quickly screen for certain infeasible points

W N

Calculate all power flow solutions at each grid point using a

mathematically reliable algorithm
(Numerical Polynomial Homotopy Continuation)

5. Select solutions that satisfy all constraints
P,

/(;/ ) AZ z\z\/
? o o \\o\o o ?///,o\

. o070 0 o o o
o 6 000 oo
o of of b O
roe P2 [ Mol zah
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Feasible Space Algorithm

Tighten the constraints
Us griddingd t o convert from ineqgst

Quickly screen for certain infeasible points

W N

Calculate all power flow solutions at each grid point using a

mathematically reliable algorithm
(Numerical Polynomial Homotopy Continuation)

5. Select solutions that satisfy all constraints

A

Pl
/(;/ i AZ z' z\/ :
Sooto feoed o Code available
T /J upon request
Power Flow Pz [ Mol zah
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DC Power Flow Approximation

A Linearization of the power flow equations

-_|I|Z|I;| G cos (0, — ;) +Bjsin (6, — 6;,))

Qi =V, |Z|I;| isin (6; — 6;) — By cos (6; — 6))

A Advantages:

Fast and reliable solution using linear programming

A Disadvantages:

No consideration of voltage magnitudes or reactive power

Approximation error [Dvijotham& Mol zahn 616]
Power Flow
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DC Power Flow Approximation

A Linearization of the power flow equations

-:|I|Z|I;| G cos (0, — ;) +Bjsin (6, — 6;,))

—

), = |V, Z Vi| (G s Sip(Lommebbrer=TTr7. cOs (0; — 01.))
p—

A Advantages:

Fast and reliable solution using linear programming

A Disadvantages:

No consideration of voltage magnitudes or reactive power

Approximation error [Dvijotham& Mol zahn 616]
Power Flow
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DC Power Flow Approximation

A Linearization of the power flow equations

: :f Zf (Gipcos (0, — 6;.) + Bysin (0, — 6,.))

)i = Vi D |Vi| (GipSinllemmttrr="T"7. cOs (6; — 01.))

A Advantages:

Fast and reliable solution using linear programming

A Disadvantages:

No consideration of voltage magnitudes or reactive power

Approximation error [Dvijotham& Mol zahn 616]
Power Flow
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DC Power Flow Approximation

A Linearization of the power flow equations

L, 1 0

: :f Zf (%.;.-':'ua (0, — ) + B sin (0, — 0,.))

—

)i = Vi D |Vi| (GipSinllemmttrr="T"7. cOs (6; — 01.))

A Advantages:

Fast and reliable solution using linear programming

A Disadvantages:

No consideration of voltage magnitudes or reactive power

Approximation error [Dvijotham& Mol zahn 616]
Power Flow
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DC Power Flow Approximation

A Linearization of the power flow equations
(He’l o 9;1)

- f 3 )f (}t[]{ (6; — 6,) +B,—;]..~yf(a; —6))

—

)i = Vi D |Vi| (GipSinllemmttrr="T"7. cOs (6; — 01.))

A Advantages:

Fast and reliable solution using linear programming

A Disadvantages:

No consideration of voltage magnitudes or reactive power

Approximation error [Dvijotham& Mol zahn 616]
Power Flow
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DC Power Flow Approximation

A Linearization of the power flow equations
(He’l o 9;1)

0
_|f Z | (G cos (0, — 0,) + B sifi (6; — 6;)) n
f Allf f N f B # P = Z B (0, — 0,)
:; k=1

)i = Vi Z Vil (G sipld =1 . cOs (#; — 0}.)

A Advantages:

Fast and reliable solution using linear programming

A Disadvantages:

No consideration of voltage magnitudes or reactive power

Approximation error [Dvijotham& Mol zahn 616]
Power Flow
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Linearized DistFlow Approximation

A Linearization of the DistFlow equations formed by
neglecting the current flow terms [ Baran & Wwu 689]

Vil? Vi

I' - 2 e
Ry |_'k[l_ Xik
= Lik

.
km + J ka

; 1 —P + jQy
Py = Rirlit — Pr+ Y Pim
m:k—m
Qi = Xirliy — Qr + Z Qrm
m:k—m

|V,Ib|2 = |Vg|2 — 2(Ri P + XixQir) + (Ri -+ th) Cir

- 2 2 32
Power Flow
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Linearized DistFlow Approximation

A Linearization of the DistFlow equations formed by
neglecting the current flow terms [ Baran & Wwu 689]

Vil* 2 Vil

Rzﬁk |]ikl~ —
= tik km + ijm
; ke (—Pk -+ ij
zk — zk PR + E Pﬂm
m:k—m
Qir = % — Qk + E Qkm
m:k—m

Vi|* = |Vi|* — 2 (Rt P + XirQir) +

=R —
Power Flow k| Vel tk ik
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Current Industry Practice

Clear markets using Engineering Feasible operating
the DC power flow intuition and point for the AC power
approximation heuristics flow equations

MIRAC /)
e dw LlKEE_ . -"'h
\ "'\(S’

Sidney Harris,
Science Cartoons Plus

“I think you should be more
explicit here in step two."

Power Flow
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Convex Optimization Tools
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Linear Programming (LP)

A Optimization over the positive orthant with linear
constraints

min c'r subject to
T

A Solvers applicable to large-scale problems

Convex
Optimization
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Second-Order Cone Programming
(SOCP)

A Optimization over the second-order cone
min c'r subject to
T
Bz + bil], < g;x%—d@, v=1,....r
Ax =0

A Generalizes linear programming

A Allows for convex quadratic constraints
' Dr+elz+ <0 with D>0
A Allows for rotated second-order cone constraints

2
z-y 2> ||zl
Convex T > 0 Y > 0

Optimization
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Semidefinite Programming (SDP)

A Optimization over positive semidefinite matrices

11%11 trace (CW)  subject to

trace(A,W)=10b,, 1=1,....r
W =0

where C and A; are specified symmetric matrices

Recall: trace (AT W) — AW AW +... - AW,
W = 0 if and only if eig(W) >0

A Generalizes second-order cone programming

Convex
Optimization
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Convex Relaxation

1

. x"'\-\ . .
0.9 ' - :
" ' T .
.
\'\

[5ecréasi?r1g 6bje

08k ----- ....... ....... ....... ...... y
07 k- ....... SEEEEEE
06k -+ N

s 05 - _______ / - ________ ........

Y B . NP NG NG

Local
optimum

I R SRR e e T

0.1

N

0 i i i i i i i i i
0 0.1 / 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

Global
Convex Optimum

Optimization
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Convex Relaxation

1 !
s | DECreasin
08 [ --- ....... ....... _______ P
07 F - -n-n ------- k...
0.6 - .......
w 05 - .....
04 k-
03L oo
02k - A
01k ---- T
0 o1 02 03 04 05 06 07 08 09 1
X,

Relaxation finds global optimum
Convex .
o (zero relaxation gap)
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Convex Relaxation

1 ! ! ! ! ! ! ! g
.| ~Decreasing objective = . . N

- : . :
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Convex Relaxation Advantages

Three main advantages over local solution algorithms:
1. Gives a lower bound on the optimal objective value
2. Provides a sufficient condition for infeasibility

3. Solutions which satisfy an easily checkable condition
are guaranteed to be globally optimal

May provide a good initialization for a local solver when this
condition is not satisfied  [Felder, Molzahn, & Hiskens 6 1 7 ]

Convex
Optimization
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Tutorial: Convex Optimization

W]:]ili]fgl 3 Wi, + Wi, + W3,
eR3x

subject to 2Wi9 + Wa3 = 3
Wy +3Wi3 > 7
W =0

Convex
Optimization

_ EES-UETP (Electric Energy Systems i University Enterprise Training Partnership) 54 /274




Semidefinite Programming
Relaxations

P
i
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The Shor Relaxation

A Write power flow equations as xT A;x = b,
where = [Viy ... Vi, Vi ... V,]" € R*

A Define matrix W = zxT
trace (A; W) = ¢;
A Rewrite as rank (W) =1 and
W >0
A Relaxation:
eliminate the constraint rank (W) =1

rank (W) =1i mplies zero relaxati

and recovery of the globally optimal voltage profile
[Lavaei& Low 0612]

SDP
Relaxations
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Example

) ) 4T
Tr = [ Vi Vi ... Vi, 1[/;_1 1—/;,2 . an
M, W = zz!
( B 1[;'3 7 Vs L 7V coe Ve Vo \
- - d1l dl ¥ d2 dl ¥gl dlVgn
1 0 ... 0o --- 0 ViV Lrﬂ L 7oV cer ViV
dl¥Vd2 : d2¥gl d2V¥Vgn
0 0 0 0 d2 q Ve
trace : | ' 2 :
' ‘aVg VaVg -V, o ViV
00 - 1 0 ! ! . v
00 -« 0 -+ 0 ; ; . ; . :2
\ ViiVan VaeVgn -+ VVen -+ V2 |)

2 12 -2
=Via+Va=V

SDP
Relaxations
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Example

M, W =0

( - [ Wi Wiz -+ Wiper - Wian |
1 0 -« 0 -« 0 Wio Wag o {"V;E’n—l e "'1"?23?1
00 - 0 --- 0 _ . . .

trace :
) Wintt Wan, oo Wodtptr o0 Wahiion

00 ... 1 0 b A L -
00 ... 0 ... 0 : . . : " .

\ - L Wian Waon o0 Waion o0 Wanon |/

= I"L?ll + I’L‘Tn—l—l,n—l—l

SDP
Relaxations
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The Shor Relaxation in Complex
Variables

A Write power flow equations as z7A; z = ¢
where z = [V ... V| with voltage phasors V' € C"

A Define matrix W = 2z

trace (A, W) = ¢,
A Rewrite as rank (W) = 1 and
W =0

A Relaxation:
Do not enforce rank (W) =1

Same tightness as the Shor relaxation in real variables

SDP
Relaxations
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Tutorial: Shor Relaxation

SDP
Relaxations
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Scaling to Large Problems

A The computational bottleneck is the constraint W = (

A Observation: Many entries of W do not appear in
other constraints due to network sparsity

A Goal: Decompose the constraint W > 0 into
constraints on certain submatrices

7

Positive Semidefinite
Matrix Completion

SDP
Relaxations
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Scaling to Large Problems

A The computational bottleneck is the constraint W = (

A Observation: Many entries of W do not appear in
other constraints due to network sparsity

A Goal: Decompose the constraint W > 0 into
constraints on certain submatrices

Positive Semidefinite
Matrix Completion

SDP
Relaxations
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Definition: Maximal Cliques

A Maximal cliques are the maximally sized, completely
connected subgraphs

JANVAVAN

VAN

Relaxations
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Definition: Maximal Cliques

A Maximal cliques are the maximally sized, completely
connected subgraphs

SDP
Relaxations
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Definition: Maximal Cliques

A Maximal cliques are the maximally sized, completely
connected subgraphs
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Definition: Maximal Cliques

A Maximal cliques are the maximally sized, completely
connected subgraphs

SDP 2 ®

Relaxations
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Definition: Maximal Cliques

A Maximal cliques are the maximally sized, completely
connected subgraphs

SDP
Relaxations
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Definition: Maximal Cliques

A Maximal cliques are the maximally sized, completely
connected subgraphs

SDP
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| Cliques
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Definition: Chordal Graph

A Chordal graph: all cycles of length four or greater have
an edge that is not part of the cycle but connects two
buses in the cycle

SDP
Relaxations
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Definition: Chordal Graph

A Chordal graph: all cycles of length four or greater have
an edge that is not part of the cycle but connects two
buses in the cycle
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Definition: Chordal Graph

A Chordal graph: all cycles of length four or greater have
an edge that is not part of the cycle but connects two
buses in the cycle
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Definition: Chordal Graph

A Chordal graph: all cycles of length four or greater have
an edge that is not part of the cycle but connects two
buses in the cycle

Not chordal

SDP
Relaxations
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Definition: Chordal Graph

A Chordal graph: all cycles of length four or greater have
an edge that is not part of the cycle but connects two
buses in the cycle
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Definition: Chordal Graph

A Chordal graph: all cycles of length four or greater have
an edge that is not part of the cycle but connects two
buses in the cycle
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Definition: Chordal Graph

A Chordal graph: all cycles of length four or greater have
an edge that is not part of the cycle but connects two
buses in the cycle
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Definition: Chordal Graph

A Chordal graph: all cycles of length four or greater have
an edge that is not part of the cycle but connects two
buses in the cycle
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Definition: Chordal Graph

A Chordal graph: all cycles of length four or greater have
an edge that is not part of the cycle but connects two
buses in the cycle

Chordal

SDP
Relaxations
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Definition: Chordal Graph

A Chordal graph: all cycles of length four or greater have
an edge that is not part of the cycle but connects two
buses in the cycle

Chordal

A The maximal cliques of a chordal graph can be
SDP . . . o
Relaxations computed in linear time  [Tariané 8 4
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Exploiting Sparsity

SDP
Relaxations [Jabro 1 2
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Exploiting Sparsity
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Exploiting Sparsity
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Exploiting Sparsity
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